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LAX PAIRS OF DISCRETE PAINLEV ´E EQUATIONS: (A2 + A1)(1) CASE
NALINI JOSHI AND NOBUTAKA NAKAZONO
Abstract. In this paper, we provide a comprehensive method for constructing Lax pairs
of discrete Painleve´ equations by using a reduced hypercube structure. In particular, we
consider the A(1)5 -surface q-Painleve´ system which has the affine Weyl group symmetry of
type (A2 + A1)(1). Two new Lax pairs are found.
1. Introduction
The purpose of this paper is to provide a comprehensive method for constructing Lax
pairs of discrete Painleve´ equations by using a reduced hypercube structure arising from
ω-lattices, composed from the τ functions of discrete Painleve´ equations (see [30, 31] for
details). The term “reduced hypercube structure” is used to describe periodic reduction
of lattices obtained from multi-dimensionally consistent hypercubes (see §1.3). As an
example, we demonstrate the constructions of Lax pairs of the q-Painleve´ equations (1.1).
Our previous work [29, 30] brought together a lattice in higher dimensions with τ-
function theory, and showed how a geometric reduction provided an ω-lattice leading to
A(1)5 -surface q-Painleve´ equations. Here, we show how this perspective enables us to sys-
tematically construct the Lax pairs for any discrete Painleve´ equations on the A(1)5 -surface.
Note that in [54] Sakai classified the discrete Painleve´ equations into 22 surface types ac-
cording to the configuration of the base points (i.e. points where the system is ill defined
because it approaches 0/0) as the following:
Discrete type Type of surface
Elliptic A(1)0
Multiplicative A(1)0 , . . . , A
(1)
8 , A
(1)′
7
Additive A(1)0 , A
(1)
1 , A
(1)
2 , D
(1)
4 , . . . , D
(1)
8 , E
(1)
6 , E
(1)
7 , E
(1)
8
There are possibly infinitely many discrete Painleve´ equations on each surface. In this
paper, we use the collective term “A(1)5 -surface q-Painleve´ equations” for discrete Painleve´
equations on the multiplicative A(1)5 -surface.
Our Lax pairs for the q-Painleve´ IV equation (1.1a) and q-Painleve´ III equation (1.1b)
are new, while the one for the q-Painleve´ II equation (1.1c) coincides with that provided in
[21]. The spectral part of these Lax pairs is more regular than those from other known Lax
pairs. More specifically, it satisfies Carmichael’s hypotheses [12] for existence of solutions
around singular points at the origin and infinity. These properties allowed Carmichael to
prove existence of solutions in a way that is considered to be the q-analogue of Fuchsian
theory.
A well-known example which also satisfies Carmichael’s conditions is the Lax pair for
the q-Painleve´ VI equation (q-P(A(1)3 )), constructed by Jimbo and Sakai [25]. This was seen
as a natural analogue of the Fuchsian nature of the Lax pair for the sixth Painleve´ equation
[17]. However, the Lax pairs of other q-Painleve´ equations [39], obtained by degeneration
of the Lax pair for q-P(A(1)3 ), no longer satisfy Carmichael’s hypotheses: the coefficient
matrix of either the highest degree or the lowest degree term in the spectral variable is
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singular. Our results suggest that contrary to expectation, such q-Painleve´ equations may
still have regular Lax pairs. We provide three examples to support this suggestion.
It is not surprising to have multiple Lax pairs for discrete Painleve´ equations as multiple
ones are known for each of the continuous Painleve´ equations [13, 27, 28].
1.1. A(1)5 -surface q-Painleve´ equations. The q-difference equations we study are
q-PIV :
f
abg =
1 + ch(a f + 1)
1 + a f (bg + 1),
g
bch =
1 + a f (bg + 1)
1 + bg(ch + 1),
h
ca f =
1 + bg(ch + 1)
1 + ch(a f + 1), (1.1a)
q-PIII : gg =
a(1 + t f )
f (t + f ) , f f =
a(1 + btg)
g(bt + g) , (1.1b)
q-PII : f˜ f˜ =
a(1 + t f )
f (t + f ) , (1.1c)
where t, a, b, c, q, p ∈ C∗ and
f = f (t), g = g(t), h = h(t), f = f (qt), g = g(qt), h = h(qt), (1.2a)
f˜ = f (pt), f˜ = f (p−1t). (1.2b)In the case of q-PIV, we have the following conditions:
f gh = t2, abc = q. (1.3)
We note that q-PIV, q-PIII and q-PII are known as a q-discrete analogue of the Painleve´ IV
equation [36], that of the Painleve´ III equation [38,54] and of the Painleve´ II equation [53],
respectively.
Remark 1.1. It is known that q-PIII (1.1b) can be reduced to q-PII (1.1c) by projective
reduction [34]:
b = p, q = p2, g = f˜. (1.4)In this sense, q-PII is often described as the scalar form of q-PIII. Although the projec-
tive reduction is a simple specialization of the parameters at the level of the equation, the
resulting equations have different type of hypergeometric solutions (see [33,34] and refer-
ences therein). In this paper, we also show that they have different Lax pairs but share the
same spectral linear problem (see §1.2).
1.2. Main results. Our main result shows that Equations (1.1) share one spectral linear
problem, which takes a factorized form
φ(qx) = Aφ(x), (1.5)
where
A =

−
iqλ
f2 x 1
−1 − iq f2
λ
x


−
iλa0a2
f0 x 1
−1 − ia0a2 f0
λ
x


−
iλa0
f1 x 1
−1 − ia0 f1
λ
x
 . (1.6)
Here, the non-zero complex parameters ai, i = 0, 1, 2, λ and q and the variables fi, i =
0, 1, 2, satisfy
a0a1a2 = q, f0 f1 f2 = λ2. (1.7)
However, the deformation problem in the Lax pairs differs for different cases in Equations
(1.1). Let ˆTIV, ˆTIII and ˆTSIII be deformation operators whose actions on the parameters ai,
i = 0, . . . , 2, λ and q are given by
ˆTIV : (a0, a1, a2, λ, q) 7→ (a0, a1, a2, qλ, q), (1.8a)
ˆTIII : (a0, a1, a2, λ, q) 7→ (qa0, q−1a1, a2, λ, q), (1.8b)
ˆTSIII : (a0, a1, a2, λ, q) 7→ (a0a2, q−1a1a2, qa2−1, λ, q), (1.8c)
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while those on the spectral parameter x and the wave function φ = φ(x) are given by
ˆTIV(x) = ˆTIII(x) = ˆTSIII(x) = x, (1.9a)
ˆTIV(φ) = BIV φ, ˆTIII(φ) = BIII φ, ˆTSIII(φ) = BSIII φ, (1.9b)
where
BIV =

i(qλ2 − 1) f2
λ(1 + a1(1 + a2 f2) f1) x −1
1 0
 , (1.10a)
BIII =

−
iλa0a2
f0 x 1
−1 − ia0a2 f0
λ
x


−
iλa0
f1 x 1
−1 − ia0 f1
λ
x
 , (1.10b)
BSIII =

−
iλa0
f1 x 1
−1 −
ia0 f1
λ
x
 . (1.10c)
The subscripts IV, III, SIII label the deformation operators and matrices corresponding to
q-PIV (1.1a), q-PIII (1.1b), the scalar form of q-PIII (1.1c), respectively. Equations (1.8) and
(1.9) provide us with the deformation of the spectral problem.
Theorem 1.2. The compatibility conditions of the linear equation (1.5) with the operators
ˆTIV, ˆTIII and ˆTSIII:
ˆTIV(A)BIV = BIV(qx)A, ˆTIII(A)BIII = BIII(qx)A, ˆTSIII(A)BSIII = BSIII(qx)A, (1.11)
are equivalent to
ˆTIV( f0)
a0a1 f1 =
1 + a2 f2(a0 f0 + 1)
1 + a0 f0(a1 f1 + 1),
ˆTIV( f1)
a1a2 f2 =
1 + a0 f0(a1 f1 + 1)
1 + a1 f1(a2 f2 + 1),
ˆTIV( f2)
a2a0 f0 =
1 + a1 f1(a2 f2 + 1)
1 + a2 f2(a0 f0 + 1),
(1.12a)
ˆTIII( f1) f1 =
λ2(1 + a0 f0)
f0(a0 + f0) ,
ˆTIII( f0) ˆTIII( f1) =
λ2(1 + a0a2 ˆTIII( f1))
f0(a0a2 + ˆTIII( f1))
, (1.12b)
ˆTSIII( f1) = f0, ˆTSIII( f0) f1 =
λ2(1 + a0 f0)
f0(a0 + f0) , (1.12c)
respectively.
This theorem is proven in §2.4. The actions (1.8) and (1.12) correspond to the q-
Painleve´ equations (1.1) as explained in the following remark.
Remark 1.3. Equations (1.12a) and (1.12b) are equivalent to q-PIV (1.1a) and q-PIII (1.1b)
by the following correspondences:
¯= ˆTIV, a = a0, b = a1, c = a2, t = λ, f = f0, g = f1, h = f2, (1.13a)
¯= ˆTIII, a = λ2, b = a2, t = a0, f = f0, g = f1, (1.13b)
respectively. Moreover, letting
a2 = q1/2, (1.14)
and setting
˜= ˆTSIII, t = a0, f = f0, (1.15)
we obtain q-PII (1.1c) from Equation (1.12c).
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1.3. Background. Discrete Painleve´ equations are nonlinear ordinary difference equa-
tions of second order, which include discrete analogues of the six Painleve´ equations: PI,
. . . , PVI. The geometric classification of discrete Painleve´ equations, based on types of
rational surfaces connected to affine Weyl groups, is well known [54]. Together with the
Painleve´ equations, they are now regarded as one of the most important classes of equations
in the theory of integrable systems (see, e.g., [18]).
In [1, 2, 8–10], Adler-Bobenko-Suris (ABS) and Boll classified polynomials P, say, of
four variables into eleven types: Q4, Q3, Q2, Q1, H3, H2, H1, D4, D3, D2, D1. The first
four types, the next three types and the last four types are collectively called Q-, H4- and
H6-types, respectively. The resulting polynomial P satisfies the following properties.
(1) Linearity: P is linear in each argument, i.e., it has the following form:
P(x1, x2, x3, x4) = A1x1x2 x3x4 + · · · + A16, (1.16)
where coefficients Ai are complex parameters.
(2) 3D consistency and tetrahedron property: There exist a further seven polyno-
mials of four variables: P(i), i = 1, . . . , 7, which satisfy property (1) and a cube C
on whose six faces the following equations are assigned
P(x0, x1, x2, x12) = 0, P(1)(x0, x2, x3, x23) = 0, (1.17a)
P(2)(x0, x3, x1, x31) = 0, P(3)(x3, x31, x23, x123) = 0, (1.17b)
P(4)(x1, x12, x31, x123) = 0, P(5)(x2, x23, x12, x123) = 0, (1.17c)
where the eight variables x0, . . . , x123 lie on the vertices of the cube, in such a way
that x123 can be uniquely expressed in terms of the four variables x0, x1, x2, x3 (3D
consistency) and moreover the following relations hold (tetrahedron property):
P(6)(x0, x12, x23, x31) = 0, P(7)(x1, x2, x3, x123) = 0. (1.18)
Since these equations relate the vertices of the quadrilateral on a lattice, they are often
called quad-equations or lattice equations.
Some polynomials of ABS type are
Q1 : Q1(x1, x2, x3, x4;α1, α2; ǫ)
= α1(x1x2 + x3x4) − α2(x1x4 + x2x3) − (α1 − α2)(x1x3 + x2x4) + ǫα1α2(α1 − α2),
H3 : H3(x1, x2, x3, x4;α1, α2; δ; ǫ)
= α1(x1x2 + x3x4) − α2(x1x4 + x2x3) + (α12 − α22)
δ + ǫ
α1α2
x2x4
 ,
H1 : H1(x1, x2, x3, x4;α1, α2; ǫ) = (x1 − x3)(x2 − x4) + (α2 − α1)(1 − ǫx2 x4),
D4 : D4(x1, x2, x3, x4; δ1, δ2, δ3) = x1x3 + x2x4 + δ1x1x4 + δ2x3x4 + δ3,
where α1, α2 ∈ C∗ and ǫ, δ, δ1, δ2, δ3 ∈ {0, 1}. Many well known integrable P∆Es arise from
assigning a polynomial of ABS type to quadrilaterals in the integer lattice Z2, for example:
discrete Schwarzian KdV equation [41, 43]:
Q1(U,U, Û, Û;α, β; 0) = 0 ⇔ (U − U)(Û − Û)
(U − Û)(U − Û)
=
α
β
; (1.19)
lattice modified KdV equation [1, 41, 45]:
H3(U,U,−Û, Û;α, β; 0; 0) = 0 ⇔ Û
U
=
αU − βÛ
αÛ − βU
; (1.20)
lattice potential KdV equation [23, 41]:
H1(U,U, Û, Û;α, β; 0) = 0 ⇔ (U − Û)(U − Û) = α − β ; (1.21)
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discrete version of Volterra-Kac-van Moerbeke equation [41]:
D4(1 − (α−1β − 1)U, Û,U,−1 + (α−1β − 1)Û; 0, 0, 0) = 0
⇔
Û
U
=
(β − α)U − α
(β − α)Û − α
, (1.22)
where
U = Ul,m, α = αl, β = βm, ¯ : l → l + 1, ˆ : m → m + 1, l,m ∈ Z. (1.23)
Throughout this paper, we refer to such P∆Es as ABS equations.
We note that in general a hypercube is said to be multi-dimensionally consistent, if all
cubes contained in the hypercube are 3D consistent (see property (2) above). Reductions
of such ABS equations to ordinary difference equations have been found through several
approaches [3, 16, 19, 21, 22, 26, 44, 47, 48]. Our geometric-reduction method [29–32] has
shown how to obtain discrete Painleve´ equations by studying geometric connections be-
tween these and ABS equations.
These equations are called integrable because they arise as compatibility conditions for
associated linear problems called Lax pairs. The search for and construction of Lax pairs of
discrete Painleve´ equations has been a very active research area and the investigations have
been carried out through many approaches. Noteworthy approaches include extensions of
Birkhoff’s study of linear q-difference equations [25,55,56], periodic-type reductions from
ABS equations or the discrete KP/UC hierarchy [20,21,37,47,49,50,52,57], extensions of
Schlesinger transformations [5,14,15], search for linearizable curves in initial-value space
[35, 61, 62], Pade´ approximation or interpolation [24, 40, 46] and the theory of orthogonal
polynomials [4, 7, 11, 51, 59, 60].
However, the construction of Lax pairs for each case in the literature has been carried
out in different ways for different equations on the same surface. In contrast, in the case
we study, q-PIV (1.1a), q-PIII (1.1b) and q-PII (1.1c) are all obtained on the A(1)5 -surface.
1.4. Plan of the paper. The plan of this paper is as follows. In §2, we construct the
Lax pairs of the P∆Es on the 4-dimensional integer lattice. Then, we obtain the Lax pairs
of the A(1)5 -surface q-Painleve´ equations from them through geometric reduction. Some
concluding remarks are given in §3.
2. The Lax pairs of the A(1)5 -surface q-Painleve´ equations
2.1. The P∆Es on the latticeZ4. In this section, we consider the P∆Es on the 4-dimensional
integer lattice Z4.
In the same way that the lattice Z2 can be constructed by tiling the plane with squares,
we construct the lattice Z4 by tiling it with 4-dimensional hypercubes (i.e. 4-cubes). We
obtain P∆Es on the lattice Z4 in a similar manner to the constructions of the ABS equations
(see §1.3). Indeed, assigning the function u and quad-equations of ABS type to the vertices
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and faces of each 4-cube, we obtain the following system of ABS equations:
u(l + ǫ1 + ǫ2)
u(l) =
u(l + ǫ1) −
βl2
αl1
u(l + ǫ2)
βl2
αl1
u(l + ǫ1) − u(l + ǫ2)
,
u(l + ǫ1 + ǫ4)
u(l) +
u(l + ǫ4)
u(l + ǫ1) = −αl1 Kl4 , (2.1a)
u(l + ǫ2 + ǫ3)
u(l) =
u(l + ǫ2) −
γl3
βl2
u(l + ǫ3)
γl3
βl2
u(l + ǫ2) − u(l + ǫ3)
,
u(l + ǫ2 + ǫ4)
u(l) +
u(l + ǫ4)
u(l + ǫ2) = −βl2 Kl4 , (2.1b)
u(l + ǫ3 + ǫ1)
u(l) =
u(l + ǫ3) −
αl1
γl3
u(l + ǫ1)
αl1
γl3
u(l + ǫ3) − u(l + ǫ1)
,
u(l + ǫ3 + ǫ4)
u(l) +
u(l + ǫ4)
u(l + ǫ3) = −γl3 Kl4 , (2.1c)
where l = ∑4i=1 liǫi ∈ Z4. Here, u(l) is the function on the lattice Z4 and {αl}l∈Z, {βl}l∈Z,
{γl}l∈Z and {Kl}l∈Z are complex parameters. We note that each left hand sides of the equa-
tions (2.1) is called H3δ=0 (or H3ǫ=0δ=0) and each right hand sides of them is called D4 in the
ABS classification [1, 2, 8].
In the lattice Z4, there are four orthogonal directions, which naturally give rise to four
translation operators. In our case, these result in actions on the variable u(l) and the param-
eters αl, βl, γl, Kl and lead to the transformations ˆTi, i = 1, . . . , 4, by the following actions:
ˆT1 : (u(l), αl, βl, γl, Kl) 7→ (u(l + ǫ1), αl+1, βl, γl, Kl), (2.2a)
ˆT2 : (u(l), αl, βl, γl, Kl) 7→ (u(l + ǫ2), αl, βl+1, γl, Kl), (2.2b)
ˆT3 : (u(l), αl, βl, γl, Kl) 7→ (u(l + ǫ3), αl, βl, γl+1, Kl), (2.2c)
ˆT4 : (u(l), αl, βl, γl, Kl) 7→ (u(l + ǫ4), αl, βl, γl, Kl+1). (2.2d)
In the two-dimensional slice given by ˆT2 and ˆT3, we define the diagonal region R = ∇(1) ∪
∇(2) ⊂ Z4 where
∇(1) =

4∑
i=1
liǫi
∣∣∣∣∣∣∣ li ∈ Z, l3 = l2 − 1
 , ∇(2) =

4∑
i=1
liǫi
∣∣∣∣∣∣∣ li ∈ Z, l3 = l2
 . (2.3)
We also define the action of a staircase path ˆR1 (see Figure 1) for one of the discrete
Painleve´ equations considered below:
ˆR1(l) =
l − ǫ2 if l ∈ ∇
(1),
l − ǫ3 if l ∈ ∇(2),
(2.4)
on the variable u(l), l ∈ R, and the parameters αl, βl, γl, Kl by
ˆR1 : (u(l), αl, βl, γl, Kl) 7→
(
u( ˆR1(l)), αl, γl−1, βl, Kl
)
. (2.5)
We define the actions of ˆTi, i = 1, . . . , 4, and ˆR1 on the infinite extension field of the
complex field C, generated by {u(l)}l∈Z4 or R, {αl}l∈Z, {βl}l∈Z, {γl}l∈Z and {Kl}l∈Z, as auto-
morphisms. Henceforth, if a new quantity x is added, we extend the field on which ˆTi,
i = 1, . . . , 4, and ˆR1 act as the automorphisms by adding the generator x. Note that through-
out this paper every field is of characteristic zero. Moreover, when the field is generated by
{x1, . . . , xk}, a mapping w ∈ 〈 ˆT1, . . . , ˆT4, ˆR1〉 acts on an arbitrary function F = F(x1, . . . , xk)
by the following:
w(F) = F(w(x1), . . . ,w(xk)). (2.6)
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Figure 1. Moving of the mapping ˆR1 around the origin 0 ∈ Z4.
For convenience, throughout this paper we use the following notation for the combined
transformation of arbitrary mappings w and w′:
ww′ := w ◦ w′. (2.7)
2.2. Lax pair of the system of the P∆Es (2.1). In this section, we construct the Lax pair
of the system of the P∆Es (2.1) following the method given in [6, 42, 58].
The key to the construction of the Lax pair of the system of the P∆Es (2.1) is to introduce
fifth direction: Z4 ∋ l 7→ l + ǫ5 ∈ Z5 arising from the extension of the multi-dimensionally
consistent 4-cube to the multi-dimensionally consistent 5-cube and to regard it as a virtual
direction. As a result, we obtain the following additional relations:
u¯(l + ǫ1)
u(l) = −
αl1 u(l + ǫ1) − µu¯(l)
αl1 u¯(l) − µu(l + ǫ1)
,
u¯(l + ǫ2)
u(l) = −
βl2 u(l + ǫ2) − µu¯(l)
βl2 u¯(l) − µu(l + ǫ2)
, (2.8a)
u¯(l + ǫ3)
u(l) = −
γl3 u(l + ǫ3) − µu¯(l)
γl3 u¯(l) − µu(l + ǫ3)
,
u¯(l + ǫ4)
u(l) +
u(l + ǫ4)
u¯(l) = −µKl4 , (2.8b)
where u¯(l) = u(l + ǫ5), l = ∑4i=1 liǫi ∈ Z4 and µ is the additional complex parameter. We
distinguish the function u¯(l) from u(l). Then, each of Equations (2.8) can be regarded as
the first order discrete system of Riccati type of the quantity u¯(l), which is linearizable.
Indeed, substituting
u¯(l) = F(l)
G(l), (2.9)
in Equations (2.8) and dividing them into the numerators and the denominators with the
vector Ψ = Ψ(l) defined by
Ψ =
(
F(l)
G(l)
)
, (2.10)
we obtain the following linear systems:
ˆT1(Ψ) = δ(1)

µ
αl1
− ˆT1(u(l))
1
u(l) −
µ
αl1
ˆT1(u(l))
u(l)
Ψ, ˆT2(Ψ) = δ
(2)

µ
βl2
− ˆT2(u(l))
1
u(l) −
µ
βl2
ˆT2(u(l))
u(l)
Ψ, (2.11a)
ˆT3(Ψ) = δ(3)

µ
γl3
− ˆT3(u(l))
1
u(l) −
µ
γl3
ˆT3(u(l))
u(l)
Ψ, ˆT4(Ψ) = δ
(4)

−µKl4 − ˆT4(u(l))
1
u(l) 0
Ψ, (2.11b)
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where l = ∑4i=1 liǫi and δ(i) = δ(i)(l), i = 1, . . . , 4, are arbitrary decoupling factors. The
linear systems (2.11) are the Lax pair of the system of the P∆Es (2.1), that is, the compati-
bility condition of each pair of the linear systems (2.11) gives one of Equations (2.1). For
example, the compatibility condition of ˆT1 and ˆT2:
ˆT1 ˆT2(Ψ) = ˆT2 ˆT1(Ψ), (2.12)
gives the left hand side of Equation (2.1a) and
ˆT1(δ(2))δ(1) = ˆT2(δ(1))δ(2). (2.13)
Note that we define the action of a transformation w ∈ 〈 ˆT1, . . . , T4, ˆR1〉 on the vector Ψ by
w(Ψ(l)) = Ψ(w(l)). (2.14)
2.3. Geometric reduction of the P∆Es (2.1). In this section, we apply the geometric re-
duction considered in [29] to the P∆Es (2.1). Moreover, we obtain the q-Painleve´ equations
(1.12) from the reduced P∆Es (2.20).
Let
hl1,l2,l3,l4 = i log(q
l1+l2+l3+l4 αˆ ˆβγˆλ)/ log q(ql4λ)log(ql2 ˆβ)/ log q, (2.15)
a0 = q
αˆ
γˆ
, a1 =
ˆβ
αˆ
, a2 =
γˆ
ˆβ
, (2.16)
where a0a1a2 = q, i =
√
−1 and αˆ, ˆβ, γˆ, λ, q ∈ C are parameters. By letting
u(l) = hl1,l2,l3,l4 ω(l), (2.17)
where l = ∑4i=1 liǫi, and imposing the following periodic condition for l ∈ Z4:
ω(l + ǫ1 + ǫ2 + ǫ3) = ω(l), (2.18)
with the following condition of the parameters {αl}l∈Z, {βl}l∈Z, {γl}l∈Z and {Kl}l∈Z:
αl = qlαˆ, βl = ql ˆβ, γl = qlγˆ, Kl =
q2l+1λ2 − 1
qlλ
, (2.19)
the P∆Es (2.1) are reduced to the following P∆Es:
ω(l + ǫ1 + ǫ2)
ω(l) =
ω(l + ǫ1) − q−l1+l2+l4λa1ω(l + ǫ2)
ql4λ
(
ql4λω(l + ǫ2) − q−l1+l2 a1ω(l + ǫ1)), (2.20a)
ω(l + ǫ2 + ǫ3)
ω(l) =
ql4λω(l + ǫ2) − q−l2+l3 a2ω(l + ǫ3)
ql4λ
(
ω(l + ǫ3) − q−l2+l3+l4λa2ω(l + ǫ2)), (2.20b)
ω(l + ǫ3 + ǫ1)
ω(l) =
ω(l + ǫ3) − ql1−l3−1a0ω(l + ǫ1)
ω(l + ǫ1) − ql1−l3−1a0ω(l + ǫ3), (2.20c)
ω(l + ǫ1 + ǫ4)
ω(l) −
ω(l + ǫ4)
ω(l + ǫ1) =
q2l4+1λ2 − 1
q−l1+l2+l4 a1λ
, (2.20d)
ω(l + ǫ2 + ǫ4)
ω(l) −
1
q2l4+1λ2
ω(l + ǫ4)
ω(l + ǫ2) =
q2l4+1λ2 − 1
q2l4+1λ2
, (2.20e)
ω(l + ǫ3 + ǫ4)
ω(l) −
ω(l + ǫ4)
ω(l + ǫ3) =
q−l2+l3 a2(q2l4+1λ2 − 1)
ql4λ
. (2.20f)
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Figure 2. (A2 + A1)(1)-lattice
Then, the actions of ˆTi, i = 1, . . . , 4, and ˆR1 on the ω-function and the parameters ai,
i = 0, 1, 2, λ and q are given by
ˆT1 : (ω(l), a0, a1, a2, λ, q) 7→ (ω(l + ǫ1), qa0, q−1a1, a2, λ, q), (2.21a)
ˆT2 : (ω(l), a0, a1, a2, λ, q) 7→ (ω(l + ǫ2), a0, qa1, q−1a2, λ, q), (2.21b)
ˆT3 : (ω(l), a0, a1, a2, λ, q) 7→ (ω(l + ǫ3), q−1a0, a1, qa2, λ, q), (2.21c)
ˆT4 : (ω(l), a0, a1, a2, λ, q) 7→ (ω(l + ǫ4), a0, a1, a2, qλ, q), (2.21d)
ˆR1 : (ω(l), a0, a1, a2, λ, q) 7→ (ω( ˆR1(l)), a0a2, q−1a1a2, qa2−1, λ, q). (2.21e)
Remark 2.1. If we consider the actions of the transformations ˆTi, i = 1, . . . , 4, only on the
ω-function and the parameters ai, i = 0, 1, 2, λ and q, then the transformation ˆT1 ˆT2 ˆT3 can
be regarded as the identity mapping:
ˆT1 ˆT2 ˆT3 = Id. (2.22)
In this situation, we can proceed as if the reduction acts on the lattice Z4, that is, the lattice
Z
4 is reduced to the (A2 + A1)(1)-lattice (see Figure 2):
Z
4 → Z4/Z(ǫ1 + ǫ2 + ǫ3). (2.23)
The reduction from the lattice Z4 to the (A2 + A1)(1)-lattice with the P∆Es is referred to as
the geometric reduction [29].
The relations (2.20) are equivalent to the essential relations of the ω-lattice of type A(1)5
constructed in [30] with the following correspondences:
ω(0) = ω0, ˆTi = Ti, i = 1, . . . , 4, ˆR1 = R1. (2.24)
Therefore, considering the P∆Es (2.20) is equivalent to considering the ω-lattice. In this
case, the ω-lattice is said to have a reduced hypercube structure. This reduced hypercube
structure turns out to be essential in the construction of Lax pairs for discrete Painleve´
equations. Since the q-Painleve´ equations (1.12) are discrete dynamical systems on the
ω-lattice of type A(1)5 as shown in [30], we can obtain the q-Painleve´ equations (1.12) from
the ω-function with the essential relations (2.20) as follows. By letting
f0 =
ω(ǫ1)
ω(ǫ1 + ǫ2) , f1 = λ
ω(ǫ1 + ǫ2)
ω(0) , f2 = λ
ω(0)
ω(ǫ1) , (2.25)
where f0 f1 f2 = λ2, we obtain the q-Painleve´ equations (1.12) with the following corre-
spondences:
ˆTIV = ˆT4, ˆTIII = ˆT −13 ˆT
−1
2 ,
ˆTSIII = ˆR1. (2.26)
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2.4. Lax pairs of the A(1)5 -surface q-Painleve´ equations. In this section, using the linear
systems (2.11) and the connection between the P∆Es (2.1) and the A(1)5 -surface q-Painleve´
equations via the geometric reduction, we construct the Lax pairs of the q-Painleve´ equa-
tions (1.12).
We first define the vector φ by
Ψ(0) =
(
h0,0,0,0 ω(0) 0
0 1
)
φ. (2.27)
Then, from the linear systems (2.11), we obtain the following linear systems:
ˆT1(φ) = δ(1)

− i f2
λ
x −1
1 − iλf2 x
 φ, (2.28a)
ˆT2(φ) = δ(2)

−
iT1−1( f0)
a1λ
x −1
1 − iλ
a1T1−1( f0)
x
 φ, (2.28b)
ˆT3(φ) = δ(3)

−
ia0T3( f1)
qλ
x −1
1 − ia0λ
qT3( f1) x
 φ, (2.28c)
ˆT4(φ) = δ(4)

i(qλ2 − 1) f2
λ (1 + a1(1 + a2 f2) f1) x −1
1 0
 φ, (2.28d)
ˆR1(φ) = ˆT −13 (φ), (2.28e)
where
x =
µ
αˆ
. (2.29)
Next, let us define the transformations ˆTSP, ˆTIV, ˆTIII and ˆTSIII by
ˆTSP = ˆT −13 ˆT
−1
2
ˆT −11 , ˆTIV = ˆT4, ˆTIII = ˆT
−1
3 ˆT
−1
2 ,
ˆTSIII = ˆR1. (2.30)
The actions of ˆTSP, ˆTIV, ˆTIII and ˆTSIII on the spectral parameter x are given by
ˆTSP(x) = qx, ˆTIV(x) = ˆTIII(x) = ˆTSIII(x) = x, (2.31)
while those on the wave function φ are given by the following:
ˆTSP(φ) =
δ(SP)
(1 − q2x2)(1 − a02a22x2)(1 − a02x2) A φ,
ˆTIV(φ) = δ(IV) BIV φ, (2.32a)
ˆTIII(φ) =
δ(III)
(1 − a02a22x2)(1 − a02x2) BIII φ,
ˆTSIII(φ) =
δ(SIII)
1 − a02x2
BSIII φ, (2.32b)
where
δ(SP) =
1
ˆT −11 ˆT
−1
2
ˆT −13 (δ(1)) ˆT −12 ˆT −13 (δ(2)) ˆT −13 (δ(3))
, δ(IV) = δ(4), (2.33a)
δ(III) =
1
ˆT −12 ˆT
−1
3 (δ(2)) ˆT −13 (δ(3))
, δ(SIII) =
1
ˆT −13 (δ(3))
. (2.33b)
LAX PAIRS OF DISCRETE PAINLEV ´E EQUATIONS: (A2 + A1)(1) CASE 11
Here, the 2 × 2 matrices A, BIV, BIII and BSIII are given by Equations (1.6) and (1.10).
Therefore, we finally obtain Theorem 1.2 by the following correspondences:
δ(1) =
1
1 − x2 , δ
(2) =
1
1 − q−2a02a22x2
, δ(3) =
1
1 − q−2a02 x2
, δ(4) = 1, (2.34)
which give
δ(SP) = (1 − q2x2)(1 − a02a22x2)(1 − a02 x2), δ(IV) = 1, (2.35a)
δ(III) = (1 − a02a22x2)(1 − a02x2), δ(SIII) = 1 − a02x2. (2.35b)
3. Concluding remarks
In this paper, we provided a comprehensive method for constructing Lax pairs of dis-
crete Painleve´ equations by using a reduced hypercube structure. As an example, we con-
structed the Lax pairs of the q-Painleve´ equations (1.1). As remarked earlier, the discrete
Painleve´ equations studied in this paper all share one A-matrix in the Lax pairs.
It is possible that we could broaden the action of the affine Weyl group of type (A2 +
A1)(1), which is the symmetry group for the A(1)5 -surface q-Painleve´ equations, by adding
the actions on the wave function φ and the spectral parameter x. This implies that we can
construct Lax pairs of “all” A(1)5 -surface q-Painleve´ equations, which share one spectral
linear problem. We will discuss this possibility in a forthcoming paper. Another interest-
ing future direction of research is to extend our method to other surface types of discrete
Painleve´ equations.
Acknowledgment. The authors would like to express their sincere thanks to Prof. Y.
Yamada and Dr. S. Lobb for inspiring and fruitful discussions. This research was supported
by an Australian Laureate Fellowship # FL120100094 and grants # DP130100967 and #
DP160101728 from the Australian Research Council.
References
[1] V. E. Adler, A. I. Bobenko, and Y. B. Suris. Classification of integrable equations on quad-graphs. The
consistency approach. Comm. Math. Phys., 233(3):513–543, 2003.
[2] V. E. Adler, A. I. Bobenko, and Y. B. Suris. Discrete nonlinear hyperbolic equations: classification of
integrable cases. Funktsional. Anal. i Prilozhen., 43(1):3–21, 2009.
[3] J. Atkinson, P. Howes, N. Joshi, and N. Nakazono. Geometry of an elliptic difference equation related to
Q4. J. Lond. Math. Soc. (2), 93(3):763–784, 2016.
[4] P. Biane. Orthogonal polynomials on the unit circle, q-gamma weights, and discrete Painleve´ equations.
Mosc. Math. J., 14(1):1–27, 170, 2014.
[5] P. Boalch. Quivers and difference Painleve´ equations. In Groups and symmetries, volume 47 of CRM Proc.
Lecture Notes, pages 25–51. Amer. Math. Soc., Providence, RI, 2009.
[6] A. I. Bobenko and Y. B. Suris. Integrable systems on quad-graphs. Int. Math. Res. Not. IMRN, (11):573–611,
2002.
[7] L. Boelen and W. Van Assche. Discrete Painleve´ equations for recurrence coefficients of semiclassical La-
guerre polynomials. Proc. Amer. Math. Soc., 138(4):1317–1331, 2010.
[8] R. Boll. Classification of 3D consistent quad-equations. J. Nonlinear Math. Phys., 18(3):337–365, 2011.
[9] R. Boll. Corrigendum: Classification of 3D consistent quad-equations. J. Nonlinear Math. Phys.,
19(4):1292001, 3, 2012.
[10] R. Boll. Classification and Lagrangian Structure of 3D Consistent Quad-Equations. Doctoral Thesis, Tech-
nische Universita¨t Berlin, submitted August 2012.
[11] A. Borodin and D. Boyarchenko. Distribution of the first particle in discrete orthogonal polynomial ensem-
bles. Comm. Math. Phys., 234(2):287–338, 2003.
[12] R. D. Carmichael. The General Theory of Linear q-Difference Equations. Amer. J. Math., 34(2):147–168,
1912.
[13] B. Dubrovin and M. Mazzocco. Monodromy of certain Painleve´-VI transcendents and reflection groups.
Invent. Math., 141(1):55–147, 2000.
[14] A. Dzhamay, H. Sakai, and T. Takenawa. Discrete Schlesinger Transformations, their Hamiltonian Formu-
lation, and Difference Painleve´ Equations. arXiv:1302.2972.
[15] A. Dzhamay and T. Takenawa. Geometric Analysis of Reductions from Schlesinger Transformations to
Difference Painleve´ Equations. arXiv:1408.3778.
12 NALINI JOSHI AND NOBUTAKA NAKAZONO
[16] C. M. Field, N. Joshi, and F. W. Nijhoff. q-difference equations of KdV type and Chazy-type second-degree
difference equations. J. Phys. A, 41(33):332005, 13, 2008.
[17] R. Fuchs. Sur quelques e´quations diffe´rentielles line´aires du second ordre. Comptes Rendus de l’Acade´mie
des Sciences Paris, 141(1):555–558, 1905.
[18] B. Grammaticos and A. Ramani. Discrete Painleve´ equations: a review. In Discrete integrable systems,
volume 644 of Lecture Notes in Phys., pages 245–321. Springer, Berlin, 2004.
[19] B. Grammaticos, A. Ramani, J. Satsuma, R. Willox, and A. S. Carstea. Reductions of integrable lattices. J.
Nonlinear Math. Phys., 12(suppl. 1):363–371, 2005.
[20] M. Hay. Hierarchies of nonlinear integrable q-difference equations from series of Lax pairs. J. Phys. A,
40(34):10457–10471, 2007.
[21] M. Hay, J. Hietarinta, N. Joshi, and F. Nijhoff. A Lax pair for a lattice modified KdV equation, reductions
to q-Painleve´ equations and associated Lax pairs. J. Phys. A, 40(2):F61–F73, 2007.
[22] M. Hay, P. Howes, N. Nakazono, and Y. Shi. A systematic approach to reductions of type-Q ABS equations.
J. Phys. A, 48(9):095201, 24, 2015.
[23] R. Hirota. Nonlinear partial difference equations. I. A difference analogue of the Korteweg-de Vries equa-
tion. J. Phys. Soc. Japan, 43(4):1424–1433, 1977.
[24] Y. Ikawa. Hypergeometric solutions for the q-Painleve´ equation of type E(1)6 by the Pade´ method. Lett. Math.
Phys., 103(7):743–763, 2013.
[25] M. Jimbo and H. Sakai. A q-analog of the sixth Painleve´ equation. Lett. Math. Phys., 38(2):145–154, 1996.
[26] N. Joshi, B. Grammaticos, T. Tamizhmani, and A. Ramani. From integrable lattices to non-QRT mappings.
Lett. Math. Phys., 78(1):27–37, 2006.
[27] N. Joshi, A. V. Kitaev, and P. A. Treharne. On the linearization of the Painleve´ III–VI equations and reduc-
tions of the three-wave resonant system. J. Math. Phys., 48(10):103512, 42, 2007.
[28] N. Joshi, A. V. Kitaev, and P. A. Treharne. On the linearization of the first and second Painleve´ equations. J.
Phys. A, 42(5):055208, 18, 2009.
[29] N. Joshi, N. Nakazono, and Y. Shi. Geometric reductions of ABS equations on an n-cube to discrete Painleve´
systems. J. Phys. A, 47(50):505201, 16, 2014.
[30] N. Joshi, N. Nakazono, and Y. Shi. Lattice equations arising from discrete Painleve´ systems. I. (A2 + A1)(1)
and (A1 + A′1)(1) cases. J. Math. Phys., 56(9):092705, 25, 2015.
[31] N. Joshi, N. Nakazono, and Y. Shi. Lattice equations arising from discrete Painleve´ systems. II. A(1)4 case. J.
Phys. A, (in press) arXiv:1603.09414.
[32] N. Joshi, N. Nakazono, and Y. Shi. Reflection groups and discrete integrable systems. Journal of Integrable
Systems, (in press) arXiv:1605.01171.
[33] K. Kajiwara and N. Nakazono. Hypergeometric solutions to the symmetric q-Painleve´ equations. Int. Math.
Res. Not. IMRN, (4):1101–1140, 2015.
[34] K. Kajiwara, N. Nakazono, and T. Tsuda. Projective reduction of the discrete Painleve´ system of type
(A2 + A1)(1). Int. Math. Res. Not. IMRN, (4):930–966, 2011.
[35] K. Kajiwara, M. Noumi, and Y. Yamada. Geometric Aspects of Painleve´ Equations. arXiv:1509.08186.
[36] K. Kajiwara, M. Noumi, and Y. Yamada. A study on the fourth q-Painleve´ equation. J. Phys. A, 34(41):8563–
8581, 2001.
[37] K. Kajiwara, M. Noumi, and Y. Yamada. q-Painleve´ systems arising from q-KP hierarchy. Lett. Math. Phys.,
62(3):259–268, 2002.
[38] M. D. Kruskal, K. M. Tamizhmani, B. Grammaticos, and A. Ramani. Asymmetric discrete Painleve´ equa-
tions. Regul. Chaotic Dyn., 5(3):273–280, 2000.
[39] M. Murata. Lax forms of the q-Painleve´ equations. J. Phys. A, 42(11):115201, 17, 2009.
[40] H. Nagao. The Pade´ interpolation method applied to q-Painleve´ equations. Lett. Math. Phys., 105(4):503–
521, 2015.
[41] F. Nijhoff and H. Capel. The discrete Korteweg-de Vries equation. Acta Appl. Math., 39(1-3):133–158,
1995. KdV ’95 (Amsterdam, 1995).
[42] F. W. Nijhoff. Lax pair for the Adler (lattice Krichever-Novikov) system. Phys. Lett. A, 297(1-2):49–58,
2002.
[43] F. W. Nijhoff, H. W. Capel, G. L. Wiersma, and G. R. W. Quispel. Ba¨cklund transformations and three-
dimensional lattice equations. Phys. Lett. A, 105(6):267–272, 1984.
[44] F. W. Nijhoff and V. G. Papageorgiou. Similarity reductions of integrable lattices and discrete analogues of
the Painleve´ II equation. Phys. Lett. A, 153(6-7):337–344, 1991.
[45] F. W. Nijhoff, G. R. W. Quispel, and H. W. Capel. Direct linearization of nonlinear difference-difference
equations. Phys. Lett. A, 97(4):125–128, 1983.
[46] M. Noumi, S. Tsujimoto, and Y. Yamada. Pade´ interpolation for elliptic Painleve´ equation. In Symmetries,
integrable systems and representations, volume 40 of Springer Proc. Math. Stat., pages 463–482. Springer,
Heidelberg, 2013.
[47] C. M. Ormerod. Reductions of lattice mKdV to q-PVI. Phys. Lett. A, 376(45):2855–2859, 2012.
LAX PAIRS OF DISCRETE PAINLEV ´E EQUATIONS: (A2 + A1)(1) CASE 13
[48] C. M. Ormerod. Symmetries and special solutions of reductions of the lattice potential KdV equation.
SIGMA Symmetry Integrability Geom. Methods Appl., 10:Paper 002, 19, 2014.
[49] C. M. Ormerod, P. H. van der Kamp, J. Hietarinta, and G. R. W. Quispel. Twisted reductions of integrable
lattice equations, and their Lax representations. Nonlinearity, 27(6):1367–1390, 2014.
[50] C. M. Ormerod, P. H. van der Kamp, and G. R. W. Quispel. Discrete Painleve´ equations and their Lax pairs
as reductions of integrable lattice equations. J. Phys. A, 46(9):095204, 22, 2013.
[51] C. M. Ormerod, N. S. Witte, and P. J. Forrester. Connection preserving deformations and q-semi-classical
orthogonal polynomials. Nonlinearity, 24(9):2405–2434, 2011.
[52] V. G. Papageorgiou, F. W. Nijhoff, B. Grammaticos, and A. Ramani. Isomonodromic deformation problems
for discrete analogues of Painleve´ equations. Phys. Lett. A, 164(1):57–64, 1992.
[53] A. Ramani and B. Grammaticos. Discrete Painleve´ equations: coalescences, limits and degeneracies. Phys.
A, 228(1-4):160–171, 1996.
[54] H. Sakai. Rational surfaces associated with affine root systems and geometry of the Painleve´ equations.
Comm. Math. Phys., 220(1):165–229, 2001.
[55] H. Sakai. A q-analog of the Garnier system. Funkcial. Ekvac., 48(2):273–297, 2005.
[56] H. Sakai. Lax form of the q-Painleve´ equation associated with the A(1)2 surface. J. Phys. A, 39(39):12203–
12210, 2006.
[57] T. Tsuda. On an integrable system of q-difference equations satisfied by the universal characters: its Lax
formalism and an application to q-Painleve´ equations. Comm. Math. Phys., 293(2):347–359, 2010.
[58] A. Walker. Similarity reductions and integrable lattice equations. Ph.D. Thesis, University of Leeds, submit-
ted September 2001.
[59] N. S. Witte. Semiclassical orthogonal polynomial systems on nonuniform lattices, deformations of the
Askey table, and analogues of isomonodromy. Nagoya Math. J., 219:127–234, 2015.
[60] N. S. Witte and C. M. Ormerod. Construction of a Lax pair for the E(1)6 q-Painleve´ system. SIGMA Symmetry
Integrability Geom. Methods Appl., 8:Paper 097, 27, 2012.
[61] Y. Yamada. A Lax formalism for the elliptic difference Painleve´ equation. Symmetry Integrability Geom.
Methods Appl., 5:Paper 042, 15, 2009.
[62] Y. Yamada. Lax formalism for q-Painleve´ equations with affine Weyl group symmetry of type E(1)n . Int.
Math. Res. Not. IMRN, (17):3823–3838, 2011.
School ofMathematics and Statistics, The University of Sydney, New SouthWales 2006, Australia.
E-mail address: nobua.n1222@gmail.com
